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Nomenclature

ao = lift slope
b = span
c = wing cord
CL = lift coefficient, L=0:5�U21cb
F3 = function of x=c and Re
F12 = function of TG� and Re�
G = function of r�, also designated G�r��
K1 = �1 ��Pt�=�1=2�U21�
K2 = V�r� � 0�
L = lift
m = value of exponent, 0.5
r = radial distance from the vortex center
rc = vortex core radius
r� = r=rc
Re = Reynolds number, U1c=�
Re� = v�rc=�
TG = characteristic tip geometry, units of area
TG� = TG=cb
u = axial component of velocity
umax = maximum axial component of velocity
U1 = free stream velocity
V = axial jet function
v� = tangential component of velocity
v�;max = maximum tangential component of velocity
x = streamwise distance from a virtual origin of tip vortex

creation
�E = effective angle of attack, geometric angle of attack

minus zero lift angle of attack
�� = function of �E=F3

� = parameter that is proportional to the root circulation,
defined in [1]

� = circulation
�c = core circulation
�o = vortex circulation
�H = loss, defined in [11]
�Pt = total pressure loss

� = transformed variable, �E=F3

� = kinematic viscosity
� = transformed variable, �m

EF12

� = density

Introduction

T HE fundamental methodology in the design of a lifting surface
is that if the fluid on the upper surface goes quicker than that of

the lower surface, then lift will be generated. For a very long wing
(high aspect ratio), the pressure distributions at any spanwise station
should be identical, but for the fluid in the vicinity of the wing tip,
there is an inherent three-dimensionality to theflow. In this region the
flow senses the pressure gradient, as imposed by the center portion of
the wing, and as a result, there is a secondary component of flow in
the direction of this gradient.

This is the basic underlying process; however, there are many
details to this process, which are yet to be fully understood. This note
develops the dependence between the tip vortex and the angle of
attack of a thin wing.

Asymptotic Regimes

In 1972, Moore and Saffman et al. [1,2] produced a theory
describing the variation of vortex characteristics with wing loading
and downstream position. Their work was restricted to laminar flows
with lowwing loading where the axial velocity perturbation is small.
Then, the tangential velocity decays, following the expression

v�;max � 0:49��x=c��0:25Re�0:25 (1)

Additionally, for a large aspect ratio (or large loading), thin wing,
at small angle of attack, � varies linearly with angle of attack.
Assuming self-similarity of the vortex profile, Eq. (1) can then be
generalized as

v�
U1

� �E

F3

G�r�� (1b)

It is desirable to obtain the dependence of the vortex with angle of
attack, as the tangential velocity becomes very large.

Or,

v� � U1

Listing all variables and parameters of primary importance a
general functional relationship is constructed:

v� � fn�r; rc;L; �; �; cb;TG�
For the time being we have placed only one characteristic

parameter describing the geometry of the tip, and have designated it
to be TG. It may be assumed that its dimensions are that of either
length or area. Also, the main source of shear stress is due to the
molecular, kinematic viscosity, and for this reason the only flow
parameter will be the Reynolds number; this will be generalized
subsequently. Understanding that four dimensionless groups are
sufficient (the core radius is a variable that is expressed as a function
of all other variables), we shall restrict ourselves to cases that scale as
follows.
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Consequently, the streamwise velocity does not scale with the
tangential velocity because the magnitude of the tangential velocity
is so great that a variation in streamwise velocity is negligible (except
in implicitly maintaining the lift). Then, by dimensional necessity,
the square tangential velocity must scale with lift. The pressure
gradient (as produced by lift) is the driver of the tangential
component of velocity and if it were not present the tangential
velocity would, identically, be zero. By analogy, when considering
the flow around a sharp bend in a channel, the streamlines are like
those of the streamlines of the tip vortex projected in the crossflow
plane [3].

The characteristic dimension of the tip scales with the planform
area. Any subsequent tip dimensions that would be included in the
analysis would need to scale with this, or possibly, with a previously
defined tip characteristic.

There is no dependence on the aspect ratio. Because the loading is
heavy, the sectional lift coefficient towards the center of the wing is
approximately constant; in this case, the effect (on the tip vortex) of
further increasing the span is negligible.

The radial direction has beenmodeled to scalewith the core radius,
the location of maximum velocity. In the near field, unfortunately,
this self-similarity is not as strong as what is observed far away from
the point of tip vortex genesis. This lack of perfect coherency results
from the presence of another characteristic geometry, namely, the
wing. For this reason, values of core radius and peak tangential
velocity cited in the preceding expressions could correspond to the
circumferentially averaged values when compared with the
experimentally observed quantities.

We assume a low enough angle of attack, such that

CL � ao�E

Also, assuming that separation of variables is possible, and that the
tangential velocity profile shape has not significantly changed from
the near to far field regime. Under these assumptions, expression (2)
takes on the relatively simple form

v�
U1

� �0:5
E F12G�r�� (2b)

The square root variation serves as an asymptotic state. If therewas
flow only in the crossflow plane (with the same pressure gradient
being applied) it would be satisfied exactly; however, when there is
an increased presence of the streamwise component the value of the
exponent increases until it reaches another asymptote, of linear
scaling, as obtained in the work of Moore and Saffman [1]. Because
the first regime of square root scaling requires higher tangential
velocities, it is approachedwhenwe are closer to the wing, before the
decay process has taken effect, and also as the lift, and thus, angle of
attack, is increased (but still below its stalling condition). The second
regime of linear scaling is approached far away or at low angle of
attack. Examples of the velocity profiles dependence with angle of
attack can be found in [4–8] and can be shown to all scale with
different exponents, all varying between 1 and 0.5.

Intermediate Regime

Now that the lower and upper asymptotes have been obtained, it
remains tomatch these two conditions, such that a regionwhere these
two regimes are in balance is obtained.

Restating the results of the preceding section,

v�
U1

� �m
EF12G� �G

and

v�
U1

� �E

F3

G� �G

express the asymptotic near-field regime and the asymptotic far-field
regime, respectively. Then a deviation from the far-field regime
could be well modeled by

v�
U1

� f���G (3a)

and a deviation from the near-field regime could be well modeled by

�G � v�
U1

� g���G (3b)

For conditions that are in balance with these two regimes, we
should expect

f��� � � � g���
Taking the derivative with respect to �E and then multiplying by

�E we obtain

@f���
@�

��m

�
� � @g���

@�
�

�

Weobserve that the left hand side is, atmost, solely a function of �,
and the right hand side is, at most, solely a function of �. Under these
conditions, both sides are actually equal to a constant. For this reason,
the two sides of the equations may be separated and integrated to
obtain

f��� � K ln ��� � B; g��� � � � K

m
ln ��� � A

Inserting into (3a) and (3b), this yields two separate, but
equivalent, expressions for the tangential velocity,

v�
U1

�
�
K

m
ln ��� � A

�
G� �K ln ��� � B	G

A, B, and K are all “pure” constants. Expressing the velocity in
terms of the far-field variables, � is more convenient because, at a
given stream Reynolds number, it is clear that the far-field variable
varies linearly with angle of attack (recall F12 is a function of v�. . .
etc., which vary with angle of attack).

Under some conditions, perhaps other flow parameters are needed
to sufficiently describe the test conditions, namely, a turbulence
parameter. Observe that there are two minimum requirements for the
preceding model to apply; they are

1) that the near field and the far field have different scaling, with
angle of attack; this was demonstrated in the cited references to be a
fundamental quality.

2) that the near field and far field scale with different variables (or
functions), what has been called F12 and F3. This can be easily
satisfied by the fact that in the near field the tip vortex is a function of
the specific tip geometry, whereas far away from the wing the tip
vortex should only feel the effective “lifting line,” which is solely a
function of the wing planform shape and not the tip shape.

Results

Based on the results of the preceding sections, the far-field and
intermediate-field regimes may be generalized as taking on the form

v�
U1

1

G
� �� (4a)

where �� � �E=F3 in the far field and �
� � K ln ��E=F3� � B in the

intermediate regime.
Evaluating (4a) at its maximum v� � v�;max; G�r�� � G�1�, we

obtain

v�;max

U1
1

G�1� � �� (4b)

Data presented in Fig. 1 display the value of (4b) in all three
regimes. The constantsK andB can be assessed from such a sample.
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It is a relatively easymatter to assess the value ofK, which is found to
be K 
 0:5. The value of B is much more difficult to approximate
(and probably much less “universal”), but is approximated at
B 
 0:77. As the angle of attack is decreased or the streamwise
distance and Reynolds number increased the points can be expected
to “slide down” the curve until the asymptotic, low wing loading
solution of Moore and Saffman [1] is reached.

A curve fit spanning the entire near- and far-field regime is

�� � �E

F3

�
X6
i�2

ai

�
�E

F3

�
i

The symbolic expression for the coefficients, and how they are
obtained, can be found in the thesis by May [9]. When we plug in
K � 0:5 and B� 0:77 we obtain the numerical values of the
coefficient presented in Table 1.

The circulation at a given radial location is calculated and
evaluated at any multiple of the core radius to give

�� 2�U1rc�
�G�r��r� (5)

If the vortex profile far away from the origin isG�r�� � 1=r�, then

�0

2�U1rc
� �� (6)

If the left hand side is plotted for a given wing, Reynolds number,
and streamwise location, the same variation with angle of attack
should be obtained as the one that was obtained with the tangential
velocity; see Fig. 2.

We can use the expression in (6) to nondimensionalize the
circulation in (5) to yield

�=�0 � G�r��r�

which shows that our results are indeed consistent with that of an
idealized vortex model like those of Vatistas [10] or Lamb [11]. Also
we observe that

�c=�0 � G�1�

This value was obtained in curve fitting the maximum velocity in
Eq. (4b). As a result of this we may write an expression for the
maximum velocity as

v�;max

U1
� ��c=�0���

Batchelor’s analysis [12] of axial flow in a trailing vortex is still
used to this day (see Spalart [13] or Anderson and Lawton [14]); the
model can display velocity excess or deficit yet has no explicit
mechanism to explain the effect of angle of attack.

Batchelor’s equation for the axial velocity is

u2 �U21 �
Z 1

r

1

�2�r�2
@��2�
@r

dr � 2�H

This expression can be put into a more convenient form by
inserting the expression for the circulation in (5). Defining

V �
Z 1

r�
1=r�2

d

dr�
�G�r��r�	 dr�

we obtain

�
u

U1

�
2

�
�
1� �Pt

1
2
�U21

�
� V��2

In the restricted case that the total pressure loss is relatively
constant over a range of angles of attack, it should be possible to
curve fit maximum axial velocity data to the form

��umax=U1�2 � K1

K2

�
0:5

� ��

where K1 � �1��Pt�=�1=2�U21� and K2 � V�r� � 0� are curve
fitted values.

From Fig. 3 we see that this rule is observed to sometimes hold.
There is difficulty in the low angle-of-attack region to conform to the
curve, surely because the total pressure loss must drop to zero as the
angle of attack is decreased or as we increase distance from the wing
(increasing F3).

Conclusion

An analysis that explains the dependence of the tip vortex
characteristics and their variation with angle of attack and
downstream distance, under certain conditions, has been detailed.
First, the lowwing loading analysis ofMoore and Saffman [1] is used
as the asymptotic far-field regime. Dimensional analysis presents
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Fig. 1 Variation of core tangential velocity with angle of attack.
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Fig. 2 Variation of vortex intensity with angle of attack.
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Fig. 3 Variation of axial velocity with angle of attack.

Table 1 Polynomial curve fit parameters

Parameter Value

a2 �0:3245
a3 0.315528
a4 �0:3709
a5 0.176842
a6 �0:02865
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reasoning for a hypothetical nearfield.A balance of these two scaling
laws ismade and is shown to apply in an intermediate-field regime. In
the intermediate field, various vortex characteristics are shown to
vary as a logarithmic variation with angle of attack. The expressions
obtained are shown to hold for some peak tangential velocity data.
An expression coupling the circulation and the core radius is
obtained. This is used to obtain an expression for the axial velocity;
under the assumption of constant total pressure losses over a range of
angle of attack, the expression obtained is shown to be in agreement
with some experimental data.
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